A metallic phase in quantum Hall systems due to inter-Landau-band mixing 
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The electronic eigenstates of a quantum Hall (QH) system are chiral states. Strong inter-Landau- 
band mixings among these states can occur when the bandwidth is comparable to the spacing of 
two adjacent Landau bands. We show that mixing of localized states with opposite chirality can 
delocalize electronic states. Based on numerical results, we propose the existence of a metallic phase 
between two adjacent QH phases and between a QH phase and the insulating phase. This result 
is consistent with non-scaling behaviors observed in recent experiments on quantum-Hall-liquid-to- 
insulator transition. 
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Recently there is a great renewal of interest on tran- 
sitions from integer quantum Hall effect (IQHE) states 
to an insulator 0-0]. According to the scaling the- 
ory of localization g , all electrons in a disordered two- 
dimensional system are localized in the absence of a mag- 
netic field. In the presence of a strong magnetic field, a 
series of disorder broadened Landau bands (LBs) will ap- 
pear, and extended states resides at the centers of these 
bands while states at other energies are localized. The in- 
tegrally quantized Hall (QH) plateaus are observed when 
the Fermi level lies in the localized states, with the value 
of the Hall conductance, 

^ xy — TIG' '^/h, related to the 
number of filled LBs (n). As a function of the magnetic 
field, the Hall conductance jumps from one QH plateau to 
another when the Fermi energy crosses an extended-state 
level. Many previous studies have been focused on 
how such a transition occurs. 

One overlooked issue regarding IQHE is the nature of 
a transition from one QH plateau to another. All exist- 
ing theories assume it to be a continuous quantum phase 
transition. The fingerprint of a continuous phase tran- 
sition is scaling laws around the transition point, and 
this assumption is mainly due to the early scaling exper- 
iments 0. In the case of IQHE, a continuous quantum 
phase transition means algebraical diverge of the lon- 
gitudinal Hall-resistivity slope in temperature T at the 
transition point. However, recent experiments showed 
that such slopes remain finite when it is extrapolated to 
T = 0. This implies a non-scaling behavior around a 
transition point, contradicting to the expectation of con- 
tinuous quantum phase transitions suggested by the the- 
ories. It also means that one should reexamine the nature 
of plateau transitions. 

In this letter we shall show that a narrow metallic 
phase may exist between two adjacent IQHE phases and 
between an IQHE phase and an insulating phase when 
the effect of inter-band mixing of opposite chirality is 
taken into account. Thus, it corresponds to two con- 
secutive quantum phase transitions instead of one when 
the Hall conductance jumps from one plateau to another. 



consistent with the non-scaling behavior observed in ex- 
periments. 

According to the semiclassical theory [|| , an electronic 
state in a strong magnetic field and in a smooth poten- 
tial can be decomposed into a rapid cyclotron motion 
and a slow drifting motion of the guiding center. The 
kinetic energy of the cyclotron motion is quantized by 
En = (n -\- l/2)?iWc, where ujc is the cyclotron frequency 
and n is the Landau band (LB) index. The trajectory 
of the drifting motion of a guiding center is along an 
equipotential contour of value Vq — E — E^, where E is 
the total energy of the electron. The equipotential con- 
tour consists of many loops, and each loop corresponds 
to one quantum state. The loops are localized around 
potential valleys for Vq < and around peaks for Vb > 0. 
The drifting direction of each loop is unidirectional, i.e., 
chiral states. If one views the plane from the direction 
opposite to the magnetic field, the drifting is clockwise 
around valleys and counter-clockwise around peaks. In 
the absence of inter-Landau-band mixing, it has been 
shown that extended states only reside at Vq — 0; i-e-, 
at the center of each LB. 

In a weak magnetic field or strong disorders, the width 
of the Landau subbands may be comparable with the 
Landau gap, and inter-band mixing can no longer be ig- 
nored. In order to investigate the consequences of this 
mixing, we shall consider a simple system of two adja- 
cent LBs. Our interest will be on the localization prop- 
erties of electronic states between the two bands. Using 
the semiclassical theory described in the previous para- 
graph, two sets of loops are obtained, one for the upper 
LB and the other for the lower LB. The two sets have 
opposite chirality, and they are spatially separated. The 
set of loops in the upper band is localized around valleys 
denoted by Vin Fig. |l|(a) and the other set around peaks 
denoted by P. Assume that tunneling can occur between 
two neighboring localized states (loops) from the same 
band near their saddle point and two nearby states of 
different bands are coupled due to impurity scattering, 
Fig. W&) is topologically equivalent to a two-channel 



version of Chalkcr-Coddington (CC) network model ||] 
as shown in Fig. |l|(b). In a one-channel CC network 
model, one and only one extended state exists in every 
LB center, corresponding to the percolation point. Turn 
on the inter-band mixing of the opposite chirality, local- 
ized loops may become less localized. In order to see this, 
let us consider an extreme case that no tunneling at sad- 
dle points, but with such a strong inter-band mixing that 
an electron will move from a loop, say around a peak, to 
a neighboring loop around a valley as shown by i? C 
in Fig. |^(a). Following an electron starting at A, the tra- 
jectory of this electron will he A ^ B ^ C ^ D ^ E.... 
The electron does not move on a closed loop anymore, 
delocahzed! On the other hand, for two sets of loops 
with the same chirality (that is both of them are local- 
ized around either valleys or peaks), the inter-band mix- 
ing mainly occurs between two loops localized around 
the same position, and this mixing cannot help much to 
delocalize a state. This is why we shall consider mixing 
between spatially separated states with opposite chiral- 
ity, but neglecting the mixing between the states of the 
same chirality separated only in energy. However, it does 
not mean that the mixing of the same chirality has not 
effect at all. As it was found in some previous works [|j , 
this kind of mixing may shift an extended state from its 
LB center. Level shifting due to mixing between states 
of the same chirality may distore the shape of the phase 
diagram, but should not alter its topology. The merging 
of the bands of extended states is exclusively due to the 
mixing between states of opposite chirality. 
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FIG. 1. (a) Topological plot of the trajectories of the drift- 
ing motion of guiding centers (rhombus) . The drifting motion 
around a potential peak (valley) is denoted by P (V), and their 
direction are indicated by the arrows. Dashed lines stand for 
inter-band mixing, and doted lines for tunneling at saddle 
points. The thick line (A to I) describes the trajectory of an 
electron due to a strong inter-band mixing, (b) The equiva- 
lent two-channel Chalker-Coddington network model of (a). 
Solid and dashed lines on each link denote two channels from 
two LBs. Squares stand for saddle points. P, V and arrows 
have the same meaning as those in (a). 

Electron localization length is often obtained from the 
transfer matrix method. For a 2-dimcnsional system, 
however, it is well known that this quantity is difficult 



to provide a conclusive answer to questions related to 
the metal-insulator transition (MIT) On the other 

hand, level-statistics analysis ||ll| has been used in study- 
ing MIT. We follow the approach proposed by Klesse and 
Metzler . A quantum state of the network model can 
be expressed by a vector $ = ({</>",</)'}), where and 

are the wavefunction amplitudes of the z-th link of the 
upper band (u) and the lower band (Z), respectively. As 
shown by Fertig 1 12|, the network model can be described 
by an evolution operator U (E) which is an £'-dependent 
matrix determined by the scattering properties of nodes 
and links in the model. The eigen-value equation of this 
operator is U{E)<^a{E) = e*"°(^' $„(£;), where a is the 
eigenstate index. The eigen-energies {En} of the system 
are those E with lo being an integer multiples of 27r. It 
was shown [0 that the level-spacing statistics of the set 
of quasi- energies {uja{E)} is the same as that of the set 
of {En} near E. Therefore, the localization property of 
states with an energy E can be obtained. A great ad- 
vantage of this approach is that all the eigenvalues of the 
evolution operator U{E) can be used in the analysis. A 
characteristic quantity /q, defined by /q = / s^P{s)ds/2, 
is used to examine the localization property, where P{s) 
is the level-spacing distribution function of the quasi- 
energies |ll|. It is well-known that /q = 1 for localized 
states ijTThus, we use the following simple criteria. If 
Iq of a state with energy E increases and approaches 1 
with lattice size L, this states is localized. Otherwise, it is 
extended. We studied the model for L=8, 12, 16 (and 20 
for some energy values) with periodic boundaries along 
both directions. For each energy value E, a sufficient 
number of ensembles are used in order to collect more 
than 5 x 10'* data points in our analysis. 

In the following analysis, we assume that inter-band 
mixing takes place only on the links. Tunneling at each 
node occurs for the same band and is described by a 
SO (4) matrix 
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where the subscripts u stands for the upper band and I for 
the lower LBs. The elements s^,n and s^.n are related to 
the scattering probabilities of an incoming wavefunction 
in the upper (lower) band to outgoing channels of its 
left-hand-side and its right-hand-side, respectively. We 
choose s^^;^ = ^1 — (s^(;))^ because of the orthogonality 
of the matrix. The potential around a saddle point is 
assumed to be V{x,y) = —Ux^ + Uy^ + K H], where 
L/ is a constant describing the potential fluctuation and 
Vc is the potential barrier at this point. The left-hand 
scattering amplitude is given by |12[ 
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where e„(/) = [E + Vc— (?^u(^) + l/2)-E2]/£^i, E the elec- 
tronic energy, E^ = |^/r^ and E2 = ^^KTT 
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1. 



The kinetic energies of cy- 
clotron motion in the two bands are (n„ -I- l/2)£^2 a-nd 
(n; -|- 1/2)E2, respectively, where n„(;) are the band in- 
dices and An = 71^ — 711 — 1. The dimensionless ratio 
= E2/E1 = '2^1 + approaches 2 from above 
as U or the inverse of uj^ increase i.e., the strong- 
disorder or weak-field regime. Since this is the regime 
that we are interested in, we choose the value of it to be 
2.2 in our calculations. For convenience, we choose E^ 
as the energy unit and the cyclotron energy of the lower 
band as the reference point. The energy range between 
the two band centers is thus E € [0,1]. The potential 
Vc ad, a saddle point is treated as a random number uni- 
formly distributed within the range of [—Ei, Ei]. 

Inter-band mixing on a link is described by a U(2) 
matrix with random Aharonov-Bohm phases (j^iii — 
1, 2, 3, 4) accumulated along propagation paths. 
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where sinO describes the mixing strength. In our calcula- 
tions, we shall assume that they are uniformly distributed 
in [0,27r] @. P, defined as ^/p/JTTP) = sin 6*, is used 
to characterize the mixing strength. P will take the same 
value for all links in our calculations. 
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Curves in Fig. 2 are Jo vs. mixing strength P at 
E = 0.02 (a); 0. (inset of (a)); and 0.5 (b) for i = 8, 12, 
16, 20. The state of £^ = 0.02 is localized at zero mixing 
since Iq increases with sample size L. Fig. 2(a) shows two 
crossing point at small P. Between the two points, Iq de- 
creases with sample size L. Thus, according to the crite- 
ria explained before, the state is extended in this regime. 
For the lower band center E = 0, Iq decreases initially 
with L at small P, indicating an extended state. Then /o 
of different L cross at a particular Pc. lo decreases with 



L for P > Pc, showing the feature of a localized state. 
Fig. 2(b) shows that state of E = 0.5 is localized at small 
P because Jq increases with sample size and approaches 
1. For large P{> 1), all curves of of different system size 
tend to merge together. The independence of Jq on sys- 
tem size suggests a localization-delocalization transition 
at the merging point. 

The existence of new extended states at E ^ 0.5 in the 
case of strong inter-band mixing can be understood as fol- 
lows. Assume that the intra-band tunneling at nodes are 
negligibly weak for states of i? ~ 0.5, we saw already from 
Fig. |^(a) that the maximal inter-band mixing {sm9 = 1) 
delocalizes the state, which is localized at zero inter-band 
mixing. If one views p = sin^ 9 as connection probability 
of two neighboring loops of opposite chirality, our two- 
channel model without intra-band tunnelings at nodes 
is analogous to a bond-percolation problem. It is well- 
known that a percolation cluster exists at p > Pc = 1/2 
or P > Pc = 1 for a square lattice |l^. Therefore, an 
extended state is formed by strong mixing. One hopes 
that the intra-band tunnelings at nodes will only modify 
the threshold value of the mixing strength. 
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FIG. 3. (a) Topological phase diagram of electron localiza- 
tion in _E — P plane. The shadowed regime is for extended 
states (metallic phase), (b) Topological QH phase diagram 
in W — _B plane. W stands for the disorder strength, and B 
for magnetic field. The shadowed regime is for metallic phase. 
The area indicated by symbol n is the n-plateau IQHE phase. 
The rest area is the insulating phase. 

To express our numerical results in i? — P plane, a 
topological phase diagram shown in Fig. |3|(a) is obtained. 
In the absence of inter-band mixing, only the singular 
energy level of each LB is extended. In the presence 
of inter-band mixing of opposite chirality, there are two 
regimes. At weak mixing when the inter-Landau-band 
separation is much smaller than the Landau-bandwidth, 
each of the extended state broadens to a narrow band 
of extended states near the LB centers. The extended 
states in the lowest LB shift from the LB centre. These 
extended states will eventually merge with those from 
the higher LBs. This shifting of extended states was also 
observed before . At strong mixing, a band of extended 
states exists between two Landau bands where all states 
are localized without the mixing. Systems in a weak 



magnetic field should correspond to the strong mixing 
case. In terms of the QH plateau transitions, a direct 
transition occurs because two QH phases merges together 
to form a narrow metallic phase in a weak field. Thus, 
we propose that a direct transition from an IQHE phase 
to the insulating phase is realized by passing through a 
metallic phase. 

Plot above results in the plane of disorder and mag- 
netic field, we obtain a new topological QH phase dia- 
gram as shown in Fig. |^(b). This is similar to the empiric 
diagram obtained experimentally in reference 4. The ori- 
gin (W = 0, -B = 0) is singular point. According to 
the weak localization theory |^ , no extended state exists 
at this point. Differing from existing theories, there ex- 
ists a narrow metallic phase between two adjacent IQHE 
phases and between an IQHE phase and an insulating 
phase. This new phase diagram is consistent with the 
non-scaling experiments |^ where samples are relatively 
dirty, and inter-band mixing is strong, corresponding to 
a process along line a in Fig. ||(b). The system undergoes 
two quantum phase transitions each time when it moves 
from the QH insulating phase to IQHE phase of n = 1 
and back to the Anderson insulating phase as the mag- 
netic field decreases. To verify this claim, we analyzed the 
original experimental data in Ref. 6 according to the two 
quantum phase transition point assumption. The stan- 
dard one-parameter scaling analysis is performed, and 
good scaling behaviors are obtained for two close critical 
filling factors of i/ci = 0.6453 and i^c2 — 0.6477. The crit- 
ical exponents in the left and right-hand sides of the tran- 
sition regime are equal and the value is ziy — 2.33 ± 0.01. 
This value is consistent with previous works On 
the other hand, if we are forced to fit the data by one 
critical point in each transition, we found either two dis- 
tinct values for critical exponents on the two sides of the 
critical point, or the data does not follow the scaling law 
at all. Our fitting shows that the width of the metallic 
phase regime is about 5 x 10~^tesla while the value of 
the magnetic field was increased by 1 ~ 2 x 10~^tesla 
each time in the experiments. This may explain why the 
metallic phase was overlooked. 

It is worth noticing that two metallic states have been 
studied extensively in the QH system. One is the com- 
posite Fermion state at the half-filling in the lowest Lan- 
dau level (LL) and the other is the stripe state at the 
half-filled higher LLs. These states are formed by the 
Coulomb interaction effect in the high mobility samples. 
They are different from our metallic phase due to level 
mixing in the paper. Although we have not considered 
the electron-electron interactions in our study, there is no 
reason why delocalization effect due to the level mixing 
will be destroied by the Coulomb interaction. Of course, 
the interaction could cause the level mixing effect with 
different dependence on the magnetic field. Our model 
can be used to describe spin polarized systems. In this 
case, the two LBs are for spin up and spin down states, 



respectively. Indeed, two-channel CC models have been 
used before to simulate spin resolved problem . These 
studies cannot distinguish an extended state from a local- 
ized state between the energy region of the two extended 
states of the two Landau bands. In this sense, our results 
are consistent with those of early works. 

In summary, we argued that inter-Landau-band mixing 
of opposite chirality can lead to delocalization. Within 
the network model, we found numerical evidences for a 
metallic phase between two neighboring QH phases by us- 
ing the level-spacing statistics analysis. This new phase 
diagram gives a possible explanation for non-scaling be- 
havior observed in recent experiments. The results of a 
scaling analysis on experimental data support our conclu- 
sion. We also point out the difference between our result 
and Wang et. al.'s. We have only considered two LBs 
in this work, and we believe that metallic phases exist 
in higher IQHE phases. But, a further study including 
more LBs is needed to answer this question definitely. 
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